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142 MILLENNIUM PRIZE PROBLEMS

Yang–Mills Existence and Mass Gap. Prove that for any compact
simple gauge group G, a non-trivial quantum Yang–Mills theory exists on
R4 and has a mass gap � > 0. Existence includes establishing axiomatic
properties at least as strong as those cited in [45, 35].

5. Comments

An important consequence of the existence of a mass gap is clustering:
Let ~x 2 R3 denote a point in space. We let H and ~P denote the energy and
momentum, generators of time and space translation. For any positive con-
stant C < � and for any local quantum field operator O(~x) = e�i~P ·~xOei~P ·~x

such that h⌦,O⌦i = 0, one has

(2) |h⌦,O(~x)O(~y)⌦i|  exp(�C|~x� ~y|),
as long as |~x � ~y| is su�ciently large. Clustering is a locality property
that, roughly speaking, may make it possible to apply mathematical results
established on R4 to any 4-manifold, as argued at a heuristic level (for a
supersymmetric extension of four-dimensional gauge theory) in [49]. Thus
the mass gap not only has a physical significance (as explained in the intro-
duction), but it may also be important in mathematical applications of four-
dimensional quantum gauge theories to geometry. In addition the existence
of a uniform gap for finite-volume approximations may play a fundamental
role in the proof of existence of the infinite-volume limit.

There are many natural extensions of the Millennium problem. Among
other things, one would like to prove the existence of an isolated one-particle
state (an upper gap, in addition to the mass gap), to prove confinement, to
prove existence of other four-dimensional gauge theories (incorporating ad-
ditional fields that preserve asymptotic freedom), to understand dynamical
questions (such as the possible mass gap, confinement, and chiral symme-
try breaking) in these more general theories, and to extend the existence
theorems from R4 to an arbitrary 4-manifold.

But a solution of the existence and mass gap problem as stated above
would be a turning point in the mathematical understanding of quantum
field theory, with a chance of opening new horizons for its applications.

6. Mathematical Perspective

Wightman and others have questioned for approximately fifty years
whether mathematically well-defined examples of relativistic, nonlinear quan-
tum field theories exist. We now have a partial answer: Extensive results on
the existence and physical properties of nonlinear QFTs have been proved
through the emergence of the body of work known as “constructive quantum
field theory” (CQFT).
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http://www.claymath.org/library/monographs/MPPc.pdf
http://www.claymath.org/library/monographs/MPPc.pdf
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ments, even when those were not known ahead of time. When combined with the
numerous self-consistency checks that every modern large-scale lattice-QCD calcu-
lation undergoes, it is fair to say that the techniques for generating and analyzing
numerical data have matured. In particular, the standards for estimating full error
budgets have become, by and large, high.

With confidence bolstered by these remarks, let us now examine recent cal-
culations of the hadron mass spectrum. A summary is shown in Fig. 3. More
details about the underlying work can be found in the review from which this plot
is taken122 or in a comprehensive review of hadron mass calculations.134 The most
important features are as follows. Many di↵erent groups of researchers (symbol
shape and color) have carried out these calculations, and they all find broad agree-
ment with nature. They use di↵erent fermion formulations (symbol shape) and a
di↵erent range of lattice spacing and quark masses (symbol color). The total errors
in many cases are small. In particular, the nucleon mass—the main contributor to
everyday mass—has an error of around 2%.
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Fig. 3. Hadron mass spectrum with 2+1 flavors of sea quarks, from Ref. 122. Results for many
light mesons and baryons are from MILC,123,124 PACS-CS,125 BMW,126 and QCDSF.127 Results
for the ⌘ and ⌘0 mesons are from RBC & UKQCD,128 Hadron Spectrum,129 and UKQCD.130

Result for the ! meson is from Hadron Spectrum.129 Results for heavy-light mesons are from
Fermilab-MILC,131 HPQCD,132 and Mohler & Woloshyn.133 b-flavored meson masses are o↵set
by �4000 MeV. Circles, squares, and diamonds denote staggered, Wilson, and chiral sea quarks,
respectively. Asterisks represent anisotropic lattices, a4/ai < 1. Open symbols denote inputs;
filled symbols and asterisks denote output results. Red, orange, yellow, green, and blue denote
increasing numbers of ensembles (i.e., range of lattice spacing and depth of sea quark masse).
Horizontal bars (gray boxes) denote experimentally measured masses (widths).
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sum of parts rest energy

Nucleon mass: exemplar of m = E0/c2

up and down quarks contribute few %

3
mu + md

2
= 10± 2 MeV

! PT: MN  870 MeV for massless quarks
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Lattice QCD: quark-confinement origin of nucleon mass
has explained nearly all visible mass in the Universe

NGC 1365· DES
(Quark masses ensure Mp < Mn)
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Quark masses matter in other ways!

mt influences low-energy value of αs

smaller mt ⇔ smaller αs
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1/�s(2mc) � (27/6⇥) ln (2mc/�)

�QCD(GeV) = const.
� mt

1 GeV

⇥2/27

Mproton ∝ mt
2/27

Mproton = C· Λ + …

calculable
on lattice

from dimensional
transmutation

quark masses,
EM self-energy
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Let all quark masses → 0 …



How Might QCD Crack?

(Breakdown of factorization)
Free quarks / unconfined color
New kinds of colored matter

Quark compositeness
Larger color symmetry containing QCD

QCD could be complete, up to MPlanck

… but that doesn’t prove it must be
Prepare for surprises!
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New phenomena within QCD?

q

q q

q
q q

q
q q

Bj
or

ke
n 

(2
01

0)

Unusual event structures …

High density of few-GeV partons … thermalization?

Multiple production beyond diffraction + short-range order?

Long-range correlations in y?
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The CP under our mattress: Strong CP Problem

If Peccei–Quinn symmetry, where are the axions?
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XENON100: New Spin-Independent Results

Upper Limit (90% C.L.) is 2 x 10-45 cm2  for 55 GeV/c2 WIMP

Wednesday, July 18, 2012

Direct Dark Matter Searches
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Dark matter searches and nucleon structure

Scale of SUSY expectations set by (spin-independent) σ

Neutralino WIMP: σ attributed to Higgs exchange

How does H interact with nucleon?

H coupling to heavy flavors: s, b, …

x 2-3 variation among lattice calculations

Experimental attention, perhaps theoretical reconception
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ure 2 shows the expected and observed 95% CL lower
limits on MD as a function of n, as determined using
the CLs method and considering uncertainties on both
signal and SM background predictions. Values of MD

below 1.93 TeV (n = 2), 1.83 TeV (n = 3 or 4), 1.86 TeV
(n = 5), and 1.89 TeV (n = 6) are excluded at 95% CL.
The observed limits decrease by 3% to 2% after consid-
ering the −1σ uncertainty from PDFs, scale variations,
and parton shower modeling in the ADD theoretical pre-
dictions (dashed lines in Figure 2). These results improve
upon previous limits on MD from LEP and Tevatron ex-
periments [1–3]. In this analysis, no weights are applied
for signal events in the phase space region with ŝ > M2

D,
which is sensitive to the unknown ultraviolet behavior of
the theory. For MD values close to the observed limits,
the visible signal cross sections decrease by 15% to 75%
as n increases when truncated samples with ŝ < M2

D are
considered. This analysis probes a kinematic range for
which the model predictions are defined but ambiguous.
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FIG. 2: Observed (solid lines) and expected (dashed-dotted
lines) 95% CL limits on MD as a function of the number of
extra spatial dimensions n in the ADD model. The results
are compared with previous results [1–3, 6] (other lines).

Similarly, 90% CL upper limits on the pair produc-
tion cross section of dark matter WIMP candidates are
determined. The A × ε of the selection criteria are typi-
cally 11.0± 0.2(stat.)± 1.6(syst.)% for the D1 operator,
18.0± 0.3(stat.)± 1.4(syst.)% for the D5 and D8 opera-
tors, and 23.0± 0.3(stat.)± 2.1(syst.)% for the D9 oper-
ator, with a moderate dependence on mχ. Experimental
uncertainties, as discussed above, translate into a 6.6%
uncertainty on the signal yields. Theoretical uncertain-
ties on initial- and final-state gluon radiation introduce a
3.5% to 10% uncertainty on the signal yields. The uncer-
tainties related to PDFs result in 1.0% to 8.0% and 5.0%
to 30% uncertainties on the signal A × ε and cross sec-
tion, respectively. Variations of the renormalization and
factorization scales lead to a change of 1.0% to 2.0% and
8.0% in the signal A×ε and cross section, respectively. In
the case of the D1 (D5) spin-independent operator, values

of M∗ below 31 GeV and 5 GeV (585 GeV and 156 GeV)
are excluded at 90% CL for mχ equal to 1 GeV and
1.3 TeV, respectively. Values of M∗ below 585 GeV and
100 GeV (794 GeV and 188 GeV) are excluded for the
D8 (D9) spin-dependent operator for mχ equal to 1 GeV
and 1.3 TeV, respectively. These results can be trans-
lated into upper limits on the nucleon-WIMP interaction
cross section using the prescription in Refs. [12, 39]. Fig-
ure 3 shows 90% CL upper limits on the nucleon-WIMP
cross section as a function of mχ. In the case of the D1
(D5) spin-independent interaction, nucleon-WIMP cross
sections above 2.7 × 10−39 cm2 and 5.8 × 10−34 cm2

(2.2 × 10−39 cm2 and 1.7 × 10−36 cm2) are excluded at
90% CL for mχ = 1 GeV and mχ = 1.3 TeV, respec-
tively. Spin-dependent interactions cross sections in the
range 7.6×10−41 cm2 to 3.4×10−37 cm2 (2.2×10−41 cm2

to 2.7 × 10−38 cm2) are excluded at 90% CL for the
D8 (D9) operator and mχ varying between 1 GeV and
1.3 TeV. The quoted observed limits on M∗ typically de-
crease by 2% to 10% if the −1σ theoretical uncertainty
is considered. This translates into a 10% to 50% increase
of the quoted nucleon-WIMP cross section limits. The
exclusion in the region 1 GeV < mχ < 3.5 GeV (1 GeV
< mχ < 1 TeV) for spin-independent (spin-dependent)
nucleon-WIMP interactions is driven by the results from
collider experiments with the assumption of the validity
of the effective theory. The cross section upper limits
improve upon CDF results [4] and are similar to those
obtained by the CMS experiment [6] which uses axial-
vector operators to describe spin-dependent interactions.
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FIG. 3: 90% CL upper limits on the nucleon-WIMP cross sec-
tion as a function of mχ for spin-dependent (left) and spin-
independent (right) interactions [12, 39]. The results are com-
pared with previous results [4, 6, 11].

In summary, we report results on the search for new
phenomena in events with an energetic photon and large
missing transverse momentum in proton-proton collisions
at

√
s = 7 TeV at the LHC, based on ATLAS data

corresponding to an integrated luminosity of 4.6 fb−1.
The measurements are in agreement with the SM predic-

Generic Collider Dark Matter Searches
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Electroweak Theory

To good approximation …
3-generation V–A

GIM suppresses FCNC
CKM quark-mixing matrix describes CPV

Gauge symmetry validated in e+e– → W+W–

Tested as quantum field theory at per-mille level
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Gauge symmetry (group-theory structure) tested in
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✴ A force of a new character, based on 
interactions of an elementary scalar

✴ A new gauge force, perhaps acting on 
undiscovered constituents

✴ A residual force that emerges from strong 
dynamics among electroweak gauge bosons

✴ An echo of extra spacetime dimensions

A hitherto unknown agent 
hides electroweak symmetry
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Munich
Oct 12 G. Dissertori : Review of LHC results - present highlights and future 

The LHC discovery

16

arXiv:1207.7235v1 [hep-ex] arXiv:1207.7214v1 [hep-ex]

expected and observed p-values....         

ATLAS and CMS: significance driven by the γγ, ZZ and WW channels

besides the excess at 125-126 GeV: 95% CL exclusion of a SM-like Higgs up to ~600 GeV

(To what extent) Have we found it?
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Fully accounts for EWSB (W, Z couplings)?
Couples to fermions?
Top from production,

need direct observation for b, τ
Accounts for fermion masses?
Fermion couplings ∝ masses?

Are there others?
Quantum numbers?

SM branching fractions to gauge bosons?
Decays to new particles?

All production modes as expected?
Implications of MH ≈ 126 GeV?

Any sign of new strong dynamics?



Distinguishing SM, bosogamous Higgs bosons
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Fully accounts for EWSB (W, Z couplings)?
Couples to fermions?
Top from production,

need direct observation for b, τ
Accounts for fermion masses?
Fermion couplings ∝ masses?

Are there others?
Quantum numbers?

SM branching fractions to gauge bosons?
Decays to new particles?

All production modes as expected?
Implications of MH ≈ 126 GeV?

Any sign of new strong dynamics?



Imagine a world without a symmetry-breaking
(Higgs) mechanism at the electroweak scale

Why does discovering the agent matter?
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Without a Higgs mechanism …

Electron and quarks would have no mass
QCD would confine quarks into protons, etc.
        Nucleon mass little changed
Surprise: QCD would hide EW symmetry, 
        give tiny masses to W, Z
Massless electron: atoms lose integrity 
No atoms means no chemistry, no stable 
composite structures like liquids, solids, …

    arXiv:0901.3958
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http://prd.aps.org/abstract/PRD/v79/i9/e096002
http://prd.aps.org/abstract/PRD/v79/i9/e096002


Why does the muon weigh?

What does the muon weigh?

�e

�
(eL�)eR + eR(�†eL)

⇥
� me = �ev/

�
2

gauge symmetry allows

after SSB

ςe : picked to give right mass, not predicted

fermion mass implies physics beyond the standard model
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Neutrino family patterns

ν1

ν2

ν3



30

The unreasonable effectiveness
of the standard model

arXiv:0907.3187
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Why are atoms so remarkably neutral?
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Extended quark–lepton families: 
proton decay!

Coupling constant unification?

A Unified Theory?



Different running of U(1)Y, SU(2)L, SU(3)c

gives possibility of coupling constant unification
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Goal: Measure change in slope for onset of SUSY?

2.5 3.0 3.5 4.0
log(Q [GeV])
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Issues for the Future (Now!)

1. What is the agent of EWSB? Is there a Higgs boson?
Might there be several? 
2. Is the Higgs boson elementary or composite? How 
does it interact with itself? What triggers EWSB?
3. Does the Higgs boson give mass to fermions, or 
only to the weak bosons? What sets the masses and 
mixings of the quarks and leptons? (How) is fermion 
mass related to the electroweak scale?
4. Are there new flavor symmetries that give insights 
into fermion masses and mixings?
5. What stabilizes the Higgs-boson mass below 1 TeV?
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Issues for the Future (Now!)

6. Do the different CC behaviors of LH, RH fermions 
reflect a fundamental asymmetry in nature’s laws?
7. What will be the next symmetry we recognize? Are 
there additional heavy gauge bosons? Is nature 
supersymmetric? Is EW theory contained in a GUT?
8. Are all flavor-changing interactions governed by the 
standard-model Yukawa couplings? Does “minimal 
flavor violation” hold? If so, why?
9. Are there additional sequential quark & lepton 
generations? Or new exotic (vector-like) fermions?
10. What resolves the strong CP problem?

37



Issues for the Future (Now!)

11. What are the dark matters? Any flavor structure?
12. Is EWSB an emergent phenomenon connected 
with strong dynamics? How would that alter our 
conception of unified theories of the strong, weak, 
and electromagnetic interactions?
13. Is EWSB related to gravity through extra 
spacetime dimensions?
14. What resolves the vacuum energy problem?
15. (When we understand the origin of EWSB), what 
lessons does EWSB hold for unified theories? … for 
inflation? … for dark energy?
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Issues for the Future (Now!)

16. Are there new phenomena in strong interactions?
17. What explains the baryon asymmetry of the 
universe? Are there new (CC) CP-violating phases?
18. Are there new flavor-preserving phases? What 
would observation, or more stringent limits, on 
electric-dipole moments imply for BSM theories?
19. (How) are quark-flavor dynamics and lepton-flavor 
dynamics related (beyond the gauge interactions)? 
20. At what scale are the neutrino masses set? Is the 
neutrino its own antiparticle? Are there sterile νs?
21. Is there a case for a Higgs factory?
22. How are we prisoners of conventional thinking?
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